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Abstract. Internal waves propagating in stellar radiative zones can lead to efficient angular momentum
transport, that should occur throughout the whole lifetime of stars. They thus play a key role in shaping
the internal rotation profile of these regions, that can be probed by asteroseismology. We present a new
analytical study of their propagation and dissipation near the equatorial plane. We include the effects of
rotation and differential rotation without making any assumption on their relative strength relative to that
of the background stable stratification. This analytical framework allows in principle to scan the efficiency
of the wave-induced transport of angular momentum. The computations goes from the pre-main sequence,
during which the restoring forces associated with rotation and stratification can be of the same order, to the
later stages of evolution, for which stratification tends to dominate over rotation. A first application to the
case of a sun-like star is finally discussed.
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1 Context
Thanks to asteroseismic measurements, internal rotation profiles of stars have become an observed stellar
property (for a recent review see e.g. Aerts et al. 2018). For instance, it has been shown that the rotation rate
in the radiative zone (RZ) of the Sun is uniform down to 0.2R (e.g. Garc´ıa et al. 2007; Fossat et al. 2017),
that cores of red giants are the seat of a strong extraction of angular momentum along their evolution (e.g.
Mosser et al. 2012; Beck et al. 2012; Deheuvels et al. 2014, 2017; Gehan et al. 2018), and that radiative zones
of intermediate-mass and massive stars undergo weak differential rotation (e.g. Kurtz et al. 2014; Saio et al.
2015; Deheuvels et al. 2015; Murphy et al. 2016; Van Reeth et al. 2016). Supported by theoretical studies, those
observations reveal that efficient mechanisms capable of redistributing angular momentum are at work all along
the evolution of stars. Among them, several studies have proposed that internal waves (excited at the boundary
with turbulent convective zones, see e.g. Alvan et al. 2014), can be an efficient process that is able to extract
angular momentum from the radiative zone in which they propagate, to release it in the convective envelope
(e.g. Schatzman 1993; Zahn et al. 1997; Talon & Charbonnel 2005; Fuller et al. 2014; Pinc¸on et al. 2017).
State-of-the-art analytical prescriptions implemented in one-dimensional (1D) stellar evolution codes have
generally been derived in the framework of pure gravity waves, thus neglecting the action of the Coriolis
acceleration upon the propagation, dissipation and associated angular momentum transport by those waves. In
reality, stars are rotating and the Coriolis acceleration provides an additional restoring force that adds to the
buoyancy force. When the Coriolis frequency, 2Ω, is of the same order as the buoyancy frequency, N , we expect
rotation to play an important role.
Several works have considered the effect of rotation in the framework of the traditional approximation (in
which the latitudinal component of the rotation vector is neglected, e.g. Pantillon et al. 2007; Mathis et al.
2008; Mathis 2009). But this is valid only when N/2Ω  1. In the case of low-mass stars, this assumption is
appropriate during the main sequence (MS), but not necessarily during the pre-main sequence (PMS), because
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then these stars can rotate fast enough so that N/2Ω ∼ 1, before wind braking kicks in. Besides, Charbonnel
et al. (2013) showed that the extraction of angular momentum by internal gravity waves plays an important
role during the PMS, than can significantly affect the internal rotation profile at arrival on the zero age main
sequence (ZAMS).
Here, we propose a new analytical study that aims at taking into account rotation and radial differential
rotation, for any ratio N/2Ω. As a first step, we compute how they affect the wave penetration length of
internal waves, that is the characteristic length over which an internal wave can exchange angular momentum
with the background flow before being completely damped by thermal diffusion. We highlight the main steps
of our analysis in Section 2, and show an application to a solar-like model in Section 3. Finally, we give our
preliminary conclusions and prospects in Section 4.
2 Statement of the problem
2.1 Equations in an equatorial model
To carry out our analysis, we have chosen to write our equations near the equator, inspired by the approach
first introduced by Ando (1985). We note that such a (quasi) two-dimensional model has proven itself useful
to reproduce asteroseismic constraints with numerical simulations (Rogers 2015). In addition, it allows to
filter, as a first step, more complex three-dimensional behaviours such as latitudinal trapping in the presence of
(differential) rotation (e.g. Prat et al. 2018).
We write our equations for the perturbed motions in the framework of the Cowling (variations of the
gravitational potential by the waves are neglected, see Cowling 1941), and the anelastic (sound waves are
filtered out) approximations, and we include thermal diffusion. Viscosity is neglected over thermal diffusion, as
their ratio is expected to be very small in stellar radiative zones (we refer the reader to Fig. 1 in Brun & Zahn
2006). The stellar angular velocity is Ω(r). We thus write the following set of equations on the velocity, density
ρ and pressure P perturbations:
iωvr − 2Ωvφ = −dW
′
dr
+
ρ′
ρ2
dP
dr
, (2.1)
iωvθ = − ikW
′
r
, (2.2)
iωvφ + ζvr = − imW
′
r
, (2.3)
dlnρ
dr
vr +
1
r2
d(r2vr)
dr
+
ikvθ
r
+
imvφ
r
= 0, (2.4)
iω
ρ′
ρ
=
N2
ge
vr + κ∇2
(
ρ′
ρ
)
, (2.5)
which correspond respectively to the three components of the linearised equation of motion, continuity equation,
and heat transport equation. In addition, vr, vθ, vφ are the radial, latitudinal and azimuthal components of the
perturbed velocity, W ′ = P ′/ρ, ζ = 2Ω + rdΩ/dr, N2 is the buoyancy frequency, κ the thermal diffusivity, and
ge is the local effective gravity (including the centrifugal acceleration). The perturbed parts of each unknown
are assumed to vary as exp {i(σt+ kθ +mφ)}. We have introduced the Doppler-shifted frequency ω = σ+mΩ,
where σ is the frequency of excitation and m the azimuthal wave number.
2.2 Local dispersion relation
Following Ando (1985), we consider a short-wavelength wave in the radial direction and apply the WKBJ
approximation, so that perturbed parts will also vary as exp
{
i
∫
krdr
}
. Keeping leading order terms, we get
the following dispersion relation, that includes thermal diffusion:(
N2 + 2Ωζα
ω2
− 1
)
k2h − k2r =
iκk2
ω
{(
2Ωζα
ω2
− 1
)
k2h − k2r
}
, (2.6)
where k2h = l
2/r2, l2 = k2 +m2 and
α = 1−
(m
l
)2
. (2.7)
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We then carry out a quasi-adiabatic approach similar to Press (1981) and Zahn et al. (1997), relevant for
stellar radiative zones in which thermal diffusion can be treated as a small effect. In the quasi-adiabatic limit,
radiative damping provides an attenuation factor exp(−τ/2) of the wave’s amplitude. The expression of τ
follows from injecting the expression kr = kr,ad + ikr,diss into the dispersion relation above, assuming that
kr,diss  kr,ad, and writing τ =
∫
kr,diss dr.
From the equation above (setting κ = 0), we first get that the adiabatic radial wave number writes
k2r,ad = k
2
h
(
N2 + 2Ωζα
ω2
− 1
)
. (2.8)
We recognize the terms associated to buoyancy, rotation, and wave acceleration, respectively. Then, carrying
out the quasi-adiabatic analysis, we get that the damping factor is the integral
τ =
∫ rc
r
(
κk2h
N
)(
N
ω
)2(
N2 + 2Ωζα
ω2
)(
N2
N2 + 2Ωζα− ω2
)1/2
kh dr, (2.9)
where rc is the radius of the radiative/convective boundary, here in the case of a convective envelope. The
expression above can be compared to the one for pure gravity waves (e.g. Zahn et al. 1997), given by
τ0 =
∫ rc
r
(
κk2h
N
)(
N
ω
)4(
N2
N2 − ω2
)1/2
kh dr. (2.10)
2.3 Derivation of the penetration length
The expression of the damping factor can be written involving a characteristic length, L, such that
τ =
∫ rc
r
dr
L
, (2.11)
as in Fuller et al. (2014). This so-called penetration length provides a first proxy that we found worth focusing
on to examine the effects of rotation and differential rotation upon the wave-induced transport. This represents
the characteristic length over which a wave will be able to exchange angular momentum with the background
flow, before being damped out by thermal diffusion. It is thus intrinsically linked to the efficiency of the coupling
between the excitation region (convective zones) and radiative layers in which the waves propagate.
Let us introduce the following set of dimensionless Froude and Richardson numbers:
Fr =
ω
N
, S =
2Ω
N
, and Ri =
(
N
rdΩ/dr
)2
. (2.12)
The expression of the penetration length, normalised by that of pure gravity waves L0 = L(S = 0,Ri =∞),
is thus given by
L
L0
=
(
1 + α
S(S + Ri−1/2)
1− Fr2
)1/2
1 + α S(S + Ri−1/2)
. (2.13)
From the expression above, one can see that the parameter α, which expression is given by Eq. (2.7), somewhat
weights the terms linked to rotation. Waves with l = m behave like pure gravity waves in the framework of
our analysis, because then α = 0 and thus L = L0. Therefore, because waves with m = 0 do not lead to a net
transport of angular momentum, we rather expect waves with m = 1 and l > 1 to be the more impacted by
rotation.
3 Application to a sun-like star
We now explore how this ratio L/L0 varies along the evolution of a 1M sun-like star.
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Fig. 1. Richardson number Ri (left panel) and ratio N/2Ω (right panel) as a function of the radius normalised by the
stellar radius R∗ at specific ages, scanning from 10 Myr to 4.6 Gyr, obtained with the stellar evolution code STAREVOL.
The ZAMS occurs at 56 Myr in the simulation. On both panels, dashed lines correspond to profiles on the PMS, and
solid lines correspond to profiles on the MS
3.1 Description of the evolution models
In order to calculate realistic values of L, we have computed a one-dimensional evolution model of a sun-like star
using the stellar evolution code STAREVOL (e.g. Siess et al. 2000; Palacios et al. 2003; Talon & Charbonnel
2005; Decressin et al. 2009; Lagarde et al. 2012; Charbonnel et al. 2013; Amard et al. 2016, Amard et al.
in prep). It computes angular momentum evolution (internal transport and surface extraction) in a self-
consistent way during stellar evolution. However, it only takes into account angular momentum transport due
to meridional circulation and shear instabilities. This allows to isolate the needed effect of internal waves (and
potential other missing transport processes), since these mechanisms are not sufficient on their own to reproduce
the observations (Eggenberger et al. 2012; Marques et al. 2013; Ceillier et al. 2013; Mathis et al. 2018). To
maximize the effect of rotation on the PMS, the initial rotation rate was taken to be the upper part of the
distribution of rotation period observed in young open clusters (Gallet & Bouvier 2015). It corresponds to an
initial rotation rate Ωini = 7.3µHz (Amard et al. 2016).
The radial profiles of the parameters relevant to our study, obtained from these models, are shown on Fig.
1 for ages ranging from 10 Myr to 4.6 Gyr, as a function of radius normalised by the one of the star at each
specific age t: R∗(t). The ZAMS occurs at 56 Myr in our model. On both panel, dashed lines correspond
to profiles on the PMS, and solid lines correspond to profiles on the MS. The left panel of Fig. 1 shows the
Richardson number Ri with the definition above. It can be seen that Ri 1 during the whole evolution. Thus,
because this parameter appears as Ri−1/2 in the expression of the penetration length given by Eq. (2.13), we
do not expect this term to play an important role. On the right panel of Fig. 1, we show the ratio N/2Ω. As
can be seen on the latter, during the PMS max(N/2Ω) ∼ a few, while this ratio builds up to reach ∼ 10 at 250
Myr, and ∼ 100 at 4.6 Gyr. This is mainly due to the fact that N is increasing along the PMS, as the radiative
core grows. In addition, the global rotation rate of the star decreases along the MS due to wind braking. Thus,
because this parameter appears as 2Ω/N in Eq. (2.13), we expect it could play a role during the PMS, while
during the MS we would have 2Ω/N  1.
3.2 Results
We now show how our new prescription for the penetration length, given by Eq. (2.13), depends on the control
parameters Ri−1/2 and N/2Ω. Because these parameters are complicated functions of radius, as shown in the
previous section, we plot the ratio L/L0 as a function of their average values in the star, defined as
x¯ =
∫
RZ
x(r)
dr
RRZ
,
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Fig. 2. Penetration length of gravito-inertial waves superimposed with the evolution track of a 1 M star, as a function
of N/2Ω and Ri
−1/2
, for l = 3 and m = 1. The colors indicate the penetration length of gravito-inertial waves L, given
by Eq. (2.13), normalised by that of pure gravity waves, L0. The red stars indicate the location of the calculated sun-like
star in this parameters’ space , calculated by averaging the profiles shown on Fig. 1 over the radiative zone.
where RRZ is the size of the radiative core (that can vary with age). This is shown on Fig. 2 thanks to the color
contours, which indicate the magnitude of the ratio L/L0 for l = 3, m = 1 and Fr = 0.01. The penetration
length L (with rotation) is always lower than the one for pure gravity waves in our parameters range. In
addition, one can see that L/L0 mainly varies with the ratio N/2Ω, the dependence as a function of Ri
1/2 being
very shallow except when this parameter is close to unity, which is never the case in our solar-like model.
On Fig. 2, we have superimposed the evolutionary track of the model introduced above, in this parameter
plane. This is shown by the red stars, with corresponding ages printed next to them. The vertical dotted
line indicates the value of the ratio N/2Ω at the ZAMS (56 Myr in our model). The penetration length of
gravito-inertial waves corresponding to radial averages of Ri and N/2Ω is close to is close to the one of pure
gravity waves with at most 10% difference during the early PMS.
However, we still expect that the penetration length could be significantly altered by rotation at specific
locations, typically where the buoyancy frequency N → 0. To explore this, we have plotted on Fig. 3 the radial
dependence of the ratio L/L0, calculated from Eq. (2.13), for our different models presented on Fig. 1. It can
be seen that the penetration length of gravito-inertial waves is significantly descreased by rotation, near both
boundaries of the radiative zone. This is where the buoyancy frequency smoothly matches the small negative
value of the nearby turbulent convection zone. Thus, gravito-inertial waves excited by convective penetration
or overshoot, that are produced in the matching region between convective and radiative zones, are expected
from this analysis to be strongly impacted in their excitation region. In addition, we see on Fig. 3 that the
penetration length is significantly decreased near the core of sun-like stars, where the buoyancy frequency also
goes to zero.
As a result, we expect that the properties of propagation, dissipation, and associated angular momentum
transport by gravito-inertial waves to be strongly impacted in those area.
4 Conclusions
We have derived an analytical expression of the wave penetration length in an equatorial plane, including global
and differential rotation. We found that the penetration length of gravito-inertial is not significantly modified
by rotation on average in the case of a solar-like star, even during the PMS where the ratio N/2Ω is the lowest.
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Fig. 3. Normalised penetration length calculated from Eq. (2.13), as a function of the radius normalised by the stellar
radius R∗ at specific ages, scanning from 10 Myr to 4.6 Gyr, obtained with the stellar evolution code STAREVOL. The
ZAMS occurs at 56 Myr in the simulation. Dashed lines correspond to profiles on the PMS, and solid lines correspond
to profiles on the MS
We expect the same to be true for any low-mass star, as the ratio N/2Ω, which we have shown to be the main
control parameter of the problem, is expected to be large in this case. However, we understood from our analysis
that the wave penetration length can be strongly affected by rotation near their excitation region, and near the
center of sun-like stars.
We conclude that the prescriptions for angular momentum deposit because of the thermal damping of pure
gravity waves, implemented in state-of-the-art 1D stellar evolution codes, should be robust to the presence of
(differential) rotation in the case of low-mass stars, except in narrow regions where the buoyancy frequency
N → 0. However, the picture will be more complex since the stochastic excitation of the waves can be strongly
affected by rotation (Mathis et al. 2014; Rogers 2015), with potential impact upon the resulting rotation profile.
Moreover, as we consider higher mass stars, we think that rotation could play a more prominent role in this
analysis. In the case of γ-doradus and Be stars for example, which undergo very rapid rotation, we expect that
the penetration length of internal waves could be significantly decreased, even in the bulk of radiative zones.
This should have important consequences for the understanding of angular momentum transport by internal
waves in intermediate-mass and massive stars in general, and for the characterization of g-modes in O and B
stars observed by Kepler. These will be the focus of attention of follow-up studies.
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